We consider the billiard motion inside a C 2 -small perturbation of a ndimensional ellipsoid Q with a unique major axis. The diameter of the ellipsoid Q is a hyperbolic two-periodic trajectory whose stable and unstable invariant manifolds are doubled, so that there is a n-dimensional invariant set W of homoclinic orbits for the unperturbed billiard map. The set W is a stratified set with a complicated structure.
Introduction
Billiards are commonly considered as one of the most standard frameworks to look for chaotic behavior. However, elliptic billiards-billiards inside n-dimensional ellipsoidsare by far the most famous example of discrete integrable systems. And it is also a very rare example since, according to Birkhoff 's conjecture, among all billiards inside smooth convex hypersurfaces, only the elliptic ones are integrable [21, §2.4] .
As it happens with all famous integrable systems, global action-angle variables cannot be introduced for elliptic billiards, due to the existence of several isolated invariant sets with some hyperbolic behavior. For instance, inside ellipsoids with one diameter -ellipsoids with a unique major axis-the diameter is a hyperbolic twoperiodic billiard trajectory whose stable and unstable invariant manifolds are doubled, that is, they coincide as sets in the phase space forming a complicated stratified set.
Under a small perturbation of the ellipsoid, the hyperbolic two-periodic trajectory is only slightly shifted, but its invariant manifolds do not need to coincide, giving rise to the phenomenon called splitting of separatrices.
In the last years, several works [22, 16, 9, 15] were devoted to analyze the splitting of separatrices for planar billiards inside perturbed ellipses. In particular, in [9] (see also [8] ) it was obtained a local version of the Birkhoff's conjecture. Concretely, it was shown that the billiard motion inside the perturbed ellipse x = a cos φ y = b(1 + η(φ)) sin φ becomes non-integrable for any non-constant entire π-periodic function η : R → R.
The study of the splitting of separatrices for higher-dimensional billiards was initiated in [11] , which was focused on billiards inside perturbations of prolate ellipsoids, that is, ellipsoids with all the axis equal except for the major one. Prolate elliptic billiards are the simplest higher-dimensional generalization of planar elliptic billiards, because, on account of the conservation of the angular momenta, they are very similar to the planar ones. Later on, some results on generic ellipsoids-ellipsoids without equal axis-were obtained in [8] , although only for symmetric perturbations.
The basic tool of those works is a twist discrete version of the Poincaré-Melnikov-Arnold method, which provides a Melnikov potential, whose non-degenerate critical points give rise to transverse homoclinic orbits to the diameter. The computation of the critical points of the Melnikov potential is feasible for perturbed ellipses and some symmetric perturbed prolate ellipsoids [11, 8] , but becomes very intricate for general perturbed ellipsoids.
The main objective of this paper is to study the disintegration of the homoclinic set W and to provide a general lower bound for the number of primary homoclinic billiard orbits to the diameter that persist in billiard maps inside perturbed ellipsoids. This bound holds for any C 2 perturbation and does not need any first order computation in the perturbation parameter like in the Melnikov method. This lower bound is obtained by means of a variational approach and Ljusternik-Schnirelmann theory.
We next describe more precisely the results of our paper, which were announced in [5] . Let Q = q = (q 0 , . . . , q n ) ∈ R n+1 : n i=0 q 2 i d 2 i = 1 (1) be the n-dimensional ellipsoid which is supposed to have one diameter :
Denote (Q) = 4s + 3m, where s is the number of the single axis among d 1 , . . . , d n , and m is the number of the multiple ones counted without multiplicity.
Theorem 1. Inside any C 2 -small perturbation of the ellipsoid Q there exist at least (Q) primary homoclinic billiard orbits.
The number (Q) runs from 3 to 4n. In the generic case d 0 > d 1 > · · · > d n > 0, s = n, m = 0, so that (Q) = 4n, whereas in the prolate case d 0 > d 1 = · · · = d n > 0, s = 0, m = 1, so that (Q) = 3. We remark that all homoclinic orbits found in this paper are primary, that is, they exist for all the values of the perturbation parameter , once assumed small enough, and they tend, along a subsequence, to unperturbed homoclinic orbits as → 0. It is wellknown that the existence of transverse primary homoclinic orbits implies the existence of an infinite number of multi-bump homoclinic orbits. These homoclinic orbits usually do not have a limit as → 0 and their dependence on is more complicated. The bifurcation of such secondary homoclinic orbits will be described in another paper.
Our results are deduced from a general theorem on the persistence of heteroclinic orbits for exact perturbations of twist maps. Let f : M → M be a twist map with a couple of hyperbolic periodic orbits whose invariant manifolds have a clean intersection along an invariant set N . We recall that two submanifolds L 1 and L 2 of M have a clean intersection along N ⊂ L 1 ∩ L 2 if and only if each connected component of N is a submanifold of M and T x N = T x L 1 ∩ T x L 2 for any x ∈ N . If N verifies certain compactness hypotheses, then for any C 1 -small exact perturbation of f there exist at least cat(N/f ) primary heteroclinic orbits tending to N as → 0. Here cat(N/f ) is the Ljusternik-Schnirelmann category of the quotient space.
This result generalizes a previous one by Xia [24] for general symplectic maps, which holds only when the unperturbed invariant manifolds are completely doubled. (See section 3 for this definition. In the case of billiard maps on ellipsoids, the invariant manifolds are completely doubled only in the prolate case.)
Heteroclinic orbits of twist maps are critical points of the action functional on the Hilbert manifold of bi-infinite sequences in the configuration space satisfying certain asymptotic behavior at their ends. Using that the unperturbed invariant manifolds have a clean intersection along N , it can be deduced that the unperturbed action has several finite-dimensional non-degenerate critical manifolds in the sense of Bott [6] . The compactness hypotheses are used to check that the quotient set K of these critical manifolds under translation is a union of compact manifolds. Thus, for the perturbed twist map, the primary heteroclinic orbits close to N correspond to critical points of a function (called splitting potential) defined on K. The Ljusternik-Schnirelmann category of K is the bound cat(N/f ) we were looking for.
The first order term of the splitting potential is the Poincaré-Melnikov potential which can be often explicitly computed. Its non-degenerate critical points give non-degenerate critical points of the splitting potential, and so, transverse primary heteroclinic orbits. In the homoclinic case, according to the Birkhoff-Smale theorem [20] , the map is chaotic, that is, its restriction to some invariant Cantor set is conjugate to a transitive topological Markov chain. However, recent results [7] show that instead of transversality, the existence of topological crossings between the stable and unstable invariant manifolds is enough for the existence of chaotic motions. From such kind of results, it appears that billiards inside any entire non-quadratic perturbation of ellipsoids with one diameter are chaotic (see [8] for related results and techniques).
Our results hold for any C 1 -small exact symplectic perturbation of the billiard map f . Suppose for example that the motion of a point in the interior D of the surface Q is governed by a Hamiltonian system (H ) with Hamiltonian H (q, p) which is a C 2 -small perturbation of the free motion Hamiltonian: H 0 (q, p) = |p| 2 /2. Then for fixed energy E > 0 the billiard motion inside B is governed by an exact symplectic map f of T * Q with generating function L close to L. The generating function L is defined as follows. For two points q 1 , q 2 ∈ Q take the solution γ(t) = (q(t), p(t)), t 1 ≤ t ≤ t 2 , of system (H ) with energy E joining these points: q(t 1 ) = q 1 , q(t 2 ) = q 2 . Then
is the Maupertuis action of γ. For = 0 we get L 0 (q 1 , q 2 ) = √ 2E|q 1 − q 2 |. Suppose for example that a charged particle moves in R 3 under the influence of a small stationary electro-magnetic field. Then the magnetic field has a vector potential A , and the electric field has a scalar potential V . Thus the motion of the particle is governed by the Hamiltonian equations with Hamiltonian
and our results imply the following corollary.
Corollary 1.
Under the influence of any small enough electro-magnetic field and inside any C 2 -small perturbation of an ellipsoid in R 3 with a unique major axis, there exist at least 3-8 for generic ellipsoids-primary homoclinic billiard orbits.
The same holds if the ellipsoid is slowly rotating around a fixed axis with small angular velocity. Indeed, in a rotating coordinate frame the Coriolis force is a magnetic force. Planar billiards in constant magnetic fields were first considered in [19] , although only inside planar regions. The splitting of separatrices in a slowly rotating planar ellipse was studied in [14] .
We finish this introduction with the organization of the paper. In section 2, we state the results about the persistence of homoclinic orbits for billiards, whose proofs have been relegated to section 5. In section 3, we present the results on the persistence of heteroclinic orbits for twist maps. The proof of the main theorem of that section is contained in section 4.
Persistence of homoclinic orbits for billiards
Our results on billiards are described here. Firstly, we shall introduce convex billiards in a standard way. Secondly, we shall recall the main properties of elliptic billiards we are interested in. Finally, we shall give the lower bound on the number of persistent primary homoclinic orbits under C 2 -small perturbations of ellipsoids with one diameter.
Convex billiards
Let Q be a C 2 closed convex hypersurface in R n+1 . Consider a particle moving freely inside Q and colliding elastically with Q, that is, at the impact points the velocity is reflected so that its tangential component remains the same, while the sign of its normal component is changed. This motion can be modelled by means of a C 1 diffeomorphism f : M → M defined on the 2n-dimensional phase space
consisting of impact points q ∈ Q and unitary velocities p ∈ S n .
The billiard map f (q, p) = (q , p ) is defined as follows. The new velocity p ∈ S n is the reflection of p ∈ S n with respect to the tangent plane T q Q, and the new impact point q ∈ Q is determined by imposing p = (q − q)/ |q − q|. The existence and uniqueness of the point q follows from the convexity and closeness of the hypersurface Q. The map f is symplectic: f * ω = ω, where ω is the symplectic form ω = dα and α = p · dq.
Two consecutive impact points q and q determine uniquely the velocity p , and hence the following impact point q . Thus, one can also define the billiard map in terms of couples of consecutive impacts points by f : (q, q ) → (q , q ) on the phase space
Billiard orbits and billiards trajectories are in one-to-one correspondence, so we can use them indistinctly.
The chords of the hypersurface Q are the segments perpendicular to Q at their ends. The longest chords are called diameters. Any chord gives rise to a two-periodic set. If the chord is a diameter, the two-periodic set is usually hyperbolic.
Elliptic billiards
Let f : M → M be the billiard map inside the n-dimensional ellipsoid (1) with one diameter. Introducing the matrix D = diag(d 0 , . . . , d n ), the ellipsoid can be expressed by the equation q, D −2 q = 1. It is useful to group together the eigenvalues of D. We write D = diag(d 0 ,d 1 · Id s 1 , . . . ,d l · Id s l ), where d 0 =d 0 >d 1 > · · · >d l > 0 s 1 + · · · + s l = n and Id r stands for the r×r identity matrix. Hence s j is the multiplicity of the eigenvaluẽ d j . Denote s(Q) = (1, s 1 , . . . , s l ) ∈ N l+1 . We also introduce the following l couples of natural numbers
These couples are determined by the conditions
We note that s j = #{i :
The least degenerate ellipsoids with one diameter are the generic ellipsoids:
whereas the most degenerate ones are the prolate ellipsoids:
The two-periodic orbit associated to the chord joining the vertices (−d 0 , 0, . . . , 0) and (d 0 , 0, . . . , 0) is P = {m + , m − }, where m ± = (q ± , p ± ), q ± = (±d 0 , 0, . . . , 0), and p ± = (±1, 0, . . . , 0). Obviously, f (m ± ) = m ∓ . The spectrum of Df 2 (m ± ) has the form {λ 2 1 , . . . , λ 2 n , λ −2 1 , . . . , λ −2 n } where λ 1 ≥ · · · ≥ λ n > 1 are the characteristic multipliers of P , namely
Thus, the periodic orbit P is hyperbolic if and only if d 0 > d i for i = 1, . . . , n, or equivalently, if and only if the chord joining (−d 0 , 0, . . . , 0) and (d 0 , 0, . . . , 0) is the unique diameter of the ellipsoid. For this reason, the problem of splitting of separatrices we shall deal with is well-posed only for ellipsoids with one diameter. Elliptic billiards are completely integrable. Such integrability is closely related to a property of confocal quadrics, see [21, §2.3] . We only need the following well-known family of first integrals
where m = (q, p), q = (q 0 , . . . , q n ), and p = (p 0 , . . . , p n ). These first integrals are dependent: n i=0 F i (m) = n i=0 p 2 i = |p| 2 ≡ 1, but skipping one of them the rest are independent almost everywhere. Unfortunately, they are welldefined only for generic ellipsoids, on account of the presence of the denominators
Due to that, degenerate ellipsoids are often avoided in the literature. Nevertheless, in the presence of degenerations, it suffices to substitute the first integrals that become singular by some regular ones.
To be more precise, if s j = #[[a j , b j ]] > 1, then we substitute the singular integrals
and the angular momenta
From now on, A j is the set where all the angular momenta (8) vanish and
Among the function S j and the angular momenta (8) there are s j functions independent almost-everywhere, so the set Z j has dimension 2n − s j . The hyperbolic periodic orbit P is contained in the n-dimensional level set
This level set plays an important role in the description of the n-dimensional unstable and stable invariant manifolds
, P = 0 and the homoclinic set H = (W − ∩ W + ) \ P . From the above definitions, it is clear that H ∪ P = W + ∪ W − ⊂ Z. What is not so obvious is that these inclusions are, in fact, equalities:
(This result is stated without proof, since it will not be used.) Following the classic terminology, we say that W − and W + are doubled.
The set H ∪ P is an n-dimensional stratified set. It is not necessary to describe it in detail (see [8] ), since in this paper we study a subset N of H given by
where
The set N j has a simple dynamical meaning. Let us consider the coordinate sections of the form
If two consecutive impact points are on Q j , the same happens to all the impact points. Therefore, the set (12) is invariant by the map f , and f | Π j is a billiard map inside a s j -dimensional ellipsoid. If s j = 1, the corresponding sub-billiard is a planar one, and if s j > 1 it is prolate. Thus N j is the homoclinic set of f | Π j , and N = ∪ l j=1 N j is the union of the homoclinic sets of the (planar or prolate) sub-billiards associated to the partition
These properties are local, that is, they only give local information about N and the action of the map f on it. The next property is more global, in the sense that it describes how the invariant manifolds W − and W + intersect along N . The proof of these lemmas are contained in subsections 5.4 and 5.5, respectively. These lemmas play a fundamental rôle in the proof of the main theorem on billiards stated below. Indeed, we will show that the persistence result holds for any twist map verifying these hypothesis, see theorem 4 and the remarks following it.
The theorem
Once we know that there is a n-dimensional set of homoclinic billiard orbits inside an ellipsoid with one diameter, it is quite natural to ask if some of those orbits persist under small perturbations of the ellipsoid.
We say that Q is a C 2 -small perturbation of the ellipsoid Q when it is a C 2 hypersurface of R n+1 which is O( )-close to Q in the C 2 -topology. Then Q is also convex, has a unique diameter, and its corresponding billiard map is well-defined. In the following theorem, which is a slightly more precise version of Theorem 1, we give a lower bound on the number of primary homoclinic billiard orbits to the diameter. The proof is relegated to subsection 5.1, since it involves some results on twists maps we have not explained yet.
Persistence of heteroclinic orbits for twist maps
In this section we prove two general results on perturbations of manifolds of homoclinic orbits for twist maps. These results hold for general exact symplectic maps. However, for simplicity we consider only twist maps with globally defined generation functions. Our choice of generality is motivated by applications to perturbations of billiards in ellipsoids.
Twist maps
Let Q be a smooth n-dimensional manifold and Q its universal covering with the group G of covering transformations. Let U be an open set in the quotient space ( Q × Q)/G, and let L ∈ C 2 (U ). It can be viewed as a function on Q × Q invariant under the group action: L(q, q ) = L(g(q), g(q )) for any g ∈ G.
The twist map with the generating function L is the symplectic map f :
The map f is correctly defined on M if, for all (q, p) ∈ M , equations (13) have a unique solution (q , p ) ∈ T * Q. Equation (13) can be solved locally provided that the local twist condition holds: the Hessian
is non-degenerate for all (q, q ). In general equations (13) can have several solutions, and the corresponding twist map f is multi-valued.
Let
The twist map is a correctly defined single valued map f : T * Q → T * Q if L satisfies the global twist condition in U : for all q ∈ Q the map f q : U q → T * q Q given by q → D 1 L(q, q ) is a diffeomorphism. The global twist condition can hold only if U q is diffeomorphic to R n . In general the twist map f is well-defined on an open of T * Q.
Example 1. For the n-dimensional billiard in a convex hypersurface Q, the generating function L satisfies the local twist condition in the open set U = (Q × Q) \ ∆. Since Q S n , the global twist condition cannot hold. However, the map f q is a diffeomorphism of U q = Q\{q} onto the set {p ∈ T * q Q : |p| < 1}. Hence f is a symplectic diffeomorphism defined on an open T * Q which is isomorphic to the phase space (3) . For the billiard, L(q, q ) = |q − q | is a single valued function on Q × Q, so there is no need to pass to a coveringQ.
There is another definition of twist map which will be used in this section. Define the map g : U → U by the formula
where q ∈ Q is determined by the equation
If the global twist condition holds on U , then the map h : U → M given by h(q, q ) = (q, −D 1 L(q, q )) is a diffeomorphism, and h is a conjugacy between f and g. The map g is also called the twist map defined by the generating function L. We identify U and M via h and do not make any difference between f and g.
An orbit of the twist map f :
. The corresponding sequence q = (q i ∈ Q) will be called a trajectory. Even when the generating function L ∈ C 2 (U ) does not satisfy the twist condition, so that the twist map f is not well-defined on M , we can define its trajectory as a sequence q = (q i ∈ Q) i∈Z with (q i−1 , q i ) ∈ U and satisfying equation (14) at each step:
Formally, equation (15) means that q ∈ Q Z is a critical point of the action functional
Usually this series is divergent, and the functional does not make sense. However, there are many special situations when S does make sense. For example, S makes sense when we study periodic orbits. For a s-periodic sequence x = (x i ) we set
Then x is an s-periodic trajectory if and only if S (x) = 0. In the next section we represent homoclinic orbits of hyperbolic periodic orbits as critical points of S. The semi-local results we discuss in this section hold also for multi-valued maps f : M → T * Q with a generating function L satisfying the local twist condition only near certain homoclinic trajectories. The global twist condition is never really used.
Perturbation of homoclinic orbits
We consider the existence of heteroclinic orbits to hyperbolic periodic orbits. Homoclinic orbits to hyperbolic periodic orbits is a particular case.
Suppose that the twist map f has two hyperbolic s-periodic orbits O ± = (m ± i ) with the same period: m ± i+s = m ± i for i = 1, . . . , s. They define periodic trajectories (15) . In applications to the billiard map, O ± are the diameter 2-periodic orbits and O − = O + up to a time shift: m + i = m − i+1 . We assume that the local twist condition holds on O ± , i.e. det D 12 L(x ± i−1 , x ± i ) = 0 for all i. Then the twist map f is well-defined in a neighborhood of each point m ± i . Suppose that the periodic orbits O ± are hyperbolic. Then every point m ± i has n-dimensional stable and unstable manifolds W s,u (m ± i ) in the phase space M . Denote
The local stable and unstable manifolds W ± i,δ consist of points whose positive or negative iterates respectively stay in a δ-neighborhood of the periodic orbit. These manifolds are embedded disks in the phase space given by embeddings
,δ respectively. The global stable and unstable manifolds can be defined also as
Lemma 3. Suppose that the actions S(x ± ) of the periodic orbits O ± coincide. Then without loss of generality we may assume that L(
Proof. Subtracting a constant from the generating function L we may assume that S(x ± ) = 0. Then there exists a smooth function g on Q such that L(
. Next we perform a calibration replacing the generating function L(q, q ) byL(q, q ) = L(q, q ) + g(q) − g(q ). This does not change trajectories of the twist map in Q (orbits in T * Q will change) but nowL(x ± i−1 , x ± i ) = 0 for all i. Without loss of generality, we will make this assumption in all this section. Then the normalized action of a heteroclinic trajectory q = (q i ) can be defined as
If the periodic orbits O ± are hyperbolic, then the series converges exponentially. The action S(q) is translation invariant: it doesn't change if q is replaced by its translation T (q) = (q i+1 ). Now we pass to the perturbation theory. We will assume that the unperturbed map f = f 0 has a family of heteroclinic orbits. More precisely, suppose that f has an
In applications, f is usually an integrable map, and N is contained in a critical level set of the first integrals.
Next consider a perturbation of the twist map f : a smooth exact symplectic map f that is C 1 -close to f ‡. If is small enough, then on any compact set V ⊂ U , f is a twist map with the generating function
‡ If M is non-compact, in order to define a distance on C 1 (M, M ), we need to specify a Riemannian metric on M . We don't bother about this, since everything will happen in a compact subset of M .
with L 2 C 2 -bounded as → 0. Hence L is C 2 -close to L. By the implicit function theorem, for sufficiently small the map f has hyperbolic s-periodic orbits O ± near O ± . We will assume that the actions of the perturbed periodic orbits coincide:
where S is the action determined by the generating function L . Our goal is to prove the existence of primary heteroclinic orbits from O − to O + . Using lemma 3 we may assume without loss of generality that the generating function L is normalized, so that in particular L 1 (x ± i−1 , x ± i ) = 0. Our first result is a version of the Poincaré-Melnikov-Arnold theorem. We define the Poincaré-Melnikov potential P : N i → R as
where f j (m) = (q j , p j ) §. The next theorem belongs essentially to Poincaré.
Theorem 3. If W − and W + have a clean intersection along N , then non-degenerate critical points of P correspond to transverse heteroclinic orbits of f . These orbits are smooth on .
In the degenerate case more hypotheses are needed. Then the map f has at least cat(N/f ) primary heteroclinic orbits from O − to O + close to N , for small enough .
Remark 1. Primary heteroclinic orbits for f are orbits which converge, along a subsequence, to heteroclinic orbits of f when → 0. Existence of secondary heteroclinic orbits needs some additional assumptions and will be discussed in another paper. We shall call the last condition of the theorem the finiteness condition, since it can be reformulated as follows: This means that any heteroclinic orbit in N stays in the neighborhood V , except for a finite number of iterates. (Note that condition (iv') coincides with property (iii) of Lemma 1 in the section of billiards.) Of course, given any m ∈ N always there exists some k 0 = k 0 (m) > 0 such that f k (m) ∈ V for all integer k with |k| ≥ k 0 . The finiteness condition means that k 0 can be chosen independently of m ∈ N \ V . In other words, there exists some
To show the equivalence between the conditions (iv) and (iv'), we notice that if the three topologies coincide, then the compact set
. Since there is a finite sub-covering, we get the finiteness condition.
It is very useful to find some cases in which the hypotheses of theorem 4 hold. A couple of simple cases is presented below.
As a first example, we consider heteroclinic orbits coming from unperturbed loops.
To check the finiteness condition, it suffices to realize that there exists a parameterization γ : R → C such that f s (γ(t)) = γ(t + 1) and γ(±∞) ∈ O ± . Besides, N/f C/f s R/Z S 1 and so the perturbed map has at least two primary heteroclinic orbits close to N .
As a second example, we consider the completely doubled case. We recall that the manifolds W − and W + are called doubled if W − \ O − = W + \ O + =: N as sets in M . They are called completely doubled if they are doubled and, in addition, the topologies in N induced from M , W + , and W − coincide. This is equivalent to ask that the invariant manifolds have the same tangent spaces in N , that is,
In the completely doubled case, the finiteness condition holds by definition. Moreover, N is an n-dimensional manifold, and the invariant manifolds W − and W + have a clean intersection along N automatically. Since, N i R × S n−1 then N i S n , so the compactness condition holds and all the hypotheses of theorem 4. Concerning the quotient N/f , we note that if det Df (O ± ) > 0, the map f s acts on N i as (t, r) → (t + 1, r), whereas if det Df (O ± ) < 0, it acts as (t, r) → (t + 1, σ(r)), where σ : S n−1 → S n−1 is an orientation reversing involution. Hence, N/f = N i /f s S 1 ×S n−1 or its factor. Theorem 4 is in the spirit of many analogous results, going back to Poincaré, on the perturbation of a manifold of periodic or homoclinic orbits. For the case of periodic orbits, see [23] . The case of homoclinic orbits of Hamiltonian systems and symplectic maps are contained, respectively, in [1] and [10] . The framework of exact symplectic maps was studied recently by Xia [24] , although his proof only covers the completely doubled case.
The proof of theorem 4 is given in the next section. There are two possible approaches: symplectic geometry (more elementary) and variational methods (more natural from the physical point of view). We have chosen the second one.
Proof of the persistence for twist maps
First we define a variational problem for finding heteroclinic orbits of a twist map f from one hyperbolic periodic orbit O − to another O + . Here we do not assume that the assumptions of Theorem 4 are satisfied. What follows will be applied later to the maps f for ≥ 0.
Fix some sequence (y i ∈ Q) i∈Z such that y i = x − i for large i < 0, and y i = x + i for large i > 0. Fix a Riemannian metric · 2 = ·, · on Q. Consider the function space
Then X is a Hilbert manifold. The tangent space at x ∈ X is
Define the scalar product ξ, η of vectors ξ, η ∈ T x X by ξ, η = ξ i , η i . Then T x X is a Hilbert space. A local chart for X with center x can be defined by the exponential map φ :
If Q = R n , then X = l n 2 is a Hilbert space. For simplicity one can keep in mind this case. In general X is a Hilbert manifold modelled on l n 2 . Suppose that the generating function L is normalized and we define the normalized action functional S on X by (16) . We need to check that the sum is well-defined. This follows from a rearrangement of the series S(x):
and the fact that y i is a trajectory of the twist map for large |i|. Hence, S(x) is an absolutely convergent series for all x ∈ X. Lemma 4. S ∈ C 2 (X), and its derivative is given by
x i Q, since the derivatives D 1 L, D 2 L lie in the cotangent space to Q. A similar formula holds for the gradient ∇S(x) ∈ T x X. Then instead of D 1 L one should write ∇ 1 L, where the gradient is taken with respect to the Riemannian metric on Q.
Proof. To check that S is differentiable, we calculate
Continuity of S : X → T * X is evident. A similar computation shows that S ∈ C 2 (X).
The following characterization is a direct consequence of Lemma 4. If x ∈ X is a critical point for S, then the second derivative F = S (x) is a correctly defined linear operator F :
We will need the following general result.
Lemma 6. Let x be a critical point for S : X → R. Then the operator F = S (x) :
Hence, F is an elliptic difference operator provided that the twist condition det A i = 0 holds along the trajectory (x i ) i∈Z . The first property of Fredholm operators follows from the twist condition: since the operators A i are invertible, if F (v) = 0, then v is completely determined by v i−1 and v i . Hence dim ker F ≤ 2n. So only the second property of the Fredholm operators needs a proof. We will show that F is a sum of an invertible and a compact operator.
First suppose that x is a transverse heteroclinic trajectory. Then we will show that F is an isomorphism and ker F = 0.
. From now on we identify U with M and assume that W ± i ⊂ U . By the transversality assumption,
Let us solve the equation F v = w for given w ∈ T * x X. First suppose that w i = 0 for i = j, i.e. w i = w i δ ij . Then for large |i| equation F v = w means that v i satisfies the variational equation for the heteroclinic trajectory x.
Since
by the transversality assumption, if all w j = 0, then the only solution of these equations is v j = v j−1 = v j+1 = 0. Hence for w i = δ ij w j , there exists a unique solution v i = G ij w j where the Green function G ij satisfies that G ij ≤ Ce −λ|i−j| , because trajectories in E ± i tend to 0 exponentially as |i| → ∞. Now for any w = (w i ) i∈Z , we get formally
If i∈Z w i 2 < ∞, then i∈Z v i 2 < ∞, and so v ∈ T x X given by (20) satisfies F v = w. Thus F is invertible under the transversality assumption. Now consider the general case. By a perturbation of L near the point p j = (x j−1 , x j ) without changing the heteroclinic trajectory x, one can make the heteroclinic transverse:
This perturbation changes only a finite number of the operators A i , B i . Hence F is a sum of an invertible and a 2n-dimensional operator. Thus F = S (x) is a Fredholm operator.
Let T : X → X be the translation (x i ) → (x i+s ). Note that the translation (x i ) → (x i+1 ) does not take X to itself. Then T defines a discrete Z group action on X. The functional S is T -invariant, so it is well-defined on the quotient space X/T . We do not discuss the topology of X/T , since now we restrict S to a compact submanifold of X.
Suppose that S ∈ C 2 (X) has a T -invariant finite dimensional manifold Z ⊂ X of critical points. Thus Z consists of heteroclinic trajectories. Then for any x ∈ Z, T x Z ⊂ ker S (x). Recall that a manifold Z of critical points of a function S is called a non-degenerate critical manifold [6, 17] if for any x ∈ Z, the operator F = S (x) : T x X → T * x X has a closed range and T x Z = ker F . Then dim T x X/F (X) = dim ker F < ∞, so that F is a Fredholm operator. By Lemma 6 for any critical point x ∈ X, S (x) is a Fredholm operator, and so only the condition ker F = T x Z is nontrivial.
Recall that we identify M with U . Let
be the set of heteroclinic points in W − i ∩ W + i corresponding to heteroclinic orbits in Z. There is a natural projection π i : Z → N i given by π i (x) = (x i−1 , x i ). Note that N i+s = N i and π i • T = f s • π i . The inverse map φ i : N i → Z ⊂ X is well-defined provided that the twist condition holds on N = ∪N i . Obviously, Z/T = N i /f s . Proof. The map π i is obviously C 1 . Continuity of the map φ i = π −1 i : N i → Z follows from the hyperbolicity of O ± and the finiteness assumption: if p = (x i−1 , x i ),p = (x i−1 ,x i ) ∈ N i , then the corresponding sequences (x j ) j∈Z + , (x j ) j∈Z + are exponentially close: dist(x j ,x j ) ≤ Ce −λ|j| dist(p,p). Indeed, for large i ≥ j we have (x i−1 , x i ) ∈ W + i,δ and for i ≤ −j we have (x i−1 , x i ) ∈ W − i,δ . This implies that φ i ∈ C 0 (N i , Z). Similarly, one can prove that φ i ∈ C 1 (N i , Z). Proof. Note that ker S (x) is the set of solutions ξ = (ξ i ) i∈Z of the variational equation for the orbit x that tend to zero as i → ±∞. But this holds if and only if the vector
provided that the intersection is clean.
The space N i /f s = N/f is a manifold since f s defines a free discrete action of the group Z on N i . This is evident in the immersed topology from W ± i , but it coincides with the embedded topology due to the finiteness condition. Compactness of N i /f s follows from the finiteness condition and the contraction property of f s on W
Since D is compact, the quotient space is also compact. Now let us consider the perturbed map f . Without loss of generality it will be assumed that the periodic orbit O ± does not change under the perturbation: for the perturbed trajectory, x ± i ( ) = x ± i . Indeed, suppose for simplicity that x i = x j for i = j mod s. Let ψ : Q → Q be an isotopy such that ψ (x ± i ) = x ± i ( ) and let θ = ψ × ψ . Then the twist map θ −1 • f • θ with the generating function L • θ has hyperbolic periodic trajectories x ± = (x ± i ) independent of . With this reduction, the space X of sequences is independent of .
The condition S (O − ) = S (O + ) implies that we have well-defined normalized action functionals S, S ∈ C 2 (X) corresponding to L and L respectively, and
is a C 2 -small perturbation of S. The functional S is T -invariant on X. Hence S is defined on X/T . Now we use the following well-known result [6, 17] , which follows from the Lyapunov-Schmidt reduction. Lemma 9. Let K be a compact non-degenerate critical manifold for a C 2 function S on a Hilbert manifold. Let S = S + S 1 + O( 2 ) be a C 2 -small perturbation of S. Then there exists a neighborhood U of K and a family of C 1 manifolds K ⊂ U , K 0 = K, given by a C 1 embedding φ : K → U , φ 0 = Id K , such that the critical points of S in U belong to K and are critical points of S • φ : K → R.
On the one hand, Lemma 9 obviously implies Theorem 4 if one puts K = Z/T . On the other hand, we note that to any non-degenerate critical point of S 1 | K there corresponds a non-degenerate critical point of S , because
Therefore, if the generating function L of f has the form (17), then S 1 = P • π i , where P is the Poincaré function (18) on N i and π i : Z → N i is the projection. This implies Theorem 3.
Proofs of the results on billiards
This section contains the proofs of the results on perturbed elliptic billiards presented in section 2. The main theorem on billiards (theorem 2) follows directly from the lemmas 1 and 2 and the main theorem on twist maps (theorem 4). To prove the lemmas, we need a description of the homoclinic set in two very particular cases: planar billiards inside non-circular ellipses and billiards inside prolate ellipsoids. This has to do with the fact that the set N defined in (11) is the union of the homoclinic sets of several planar and prolate sub-billiards. Then the proof of lemma 1 becomes trivial. Next, we shall generalize a result of Devaney [12] to obtain lemma 2.
Proof of theorem 2
The phase space M of the perturbed billiard map f depends on , but making a symplectic transformation we may assume that f : M → M . By lemmas 1 and 2, the set N j verifies the hypotheses of theorem 4. Recall the Ljusternik-Schnirelmann categories
This ends the proof of theorem 2. It remains to prove lemmas 1 and 2.
The homoclinic set of planar elliptic billiards
The results in this subsection are very old. They can be found in the books [13, 21] , so we skip the proofs. The style in our presentation may look a little pedantic, but it is the best suitable for the extension contained in the next subsection. Our goal is to describe the homoclinic set H = Hom f (P ) of the two-periodic set P = {m + , m − } of the billiard map f inside the non-circular ellipse
Let e = (1−β 2 /α 2 ) 1/2 and γ = α 2 − β 2 be the eccentricity and the semi-focal distance of this ellipse. Let λ = (1+e)(1−e) −1 be the characteristic multiplier of P . Let h = ln λ be the characteristic exponent of P . We are dealing with a planar billiard, so we do not need sub-indices in the coordinates. We write the points of the billiard phase space (3) as m = (q, p) with q = (x, y) ∈ Q and p = (u, v) ∈ S 1 ⊂ R 2 . The elliptic planar billiard has only one first integral functionally independent. For instance,
is a good choice (compare with (7)). It turns out that H = F −1 (0) \ P .
For visualization purposes, we identify the billiard phase space with the annulus
by means of the relations q = q(ϕ) := (α cos ϕ, β sin ϕ) and ρ = q(ϕ), p = |q(ϕ)| cos ϑ, where ϑ ∈ (0, π) is the angle between the tangent vectorq(ϕ) and the unitary velocity p. In these coordinates, the above first integral is
The phase portrait of the planar elliptic billiard map, considered as a diffeomorphism on the annulus, is displayed in figure 1 . It shows that the homoclinic set 
(Given two fixed points a − and a + of an invertible map φ : M → M , we denote Het φ (a − , a + ) = {m ∈ M : lim k→±∞ φ k (m) = a ± }.)
The following lemma is a corollary of the above comments (see also figure 1 ). We recall that S 0 = {−1, +1} ⊂ R. 
(iii) Given any neighborhood U of P , there exists k > 0 such that f k (H \ U ) ⊂ U for all integer |k| > k 0 .
Finally, we need an explicit expression for the billiard dynamics on the homoclinic set. The following formulae can be found in many papers. See, for instance, [9] .
Let q : R × S 0 → Q and p : R × S 0 → S 1 be the maps q(t, σ) = (x(t), σy(t)) p(t, σ) = (u(t), σv(t)) ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ For further reference, we also need to compute the tangent spaces to the stable and unstable invariant curves at the hyperbolic periodic points. These tangent spaces are one-dimensional. Thus, it suffices to find some vectorsṁ ± ∈ T P W ± . To begin with, let us express the previous natural parameterizations in terms of the variable r = e t . We also recall that λ = e h . Letq : R → Q andp : R → S 1 be the maps . It is trivial to see thaṫ m ± = (q ± ,ṗ ± ) = ((0, η ± ), (0, 1)) η ± := λ ∓1/2 β.
The homoclinic set of prolate elliptic billiards
Here we describe the homoclinic set H = Hom f (P ) of the two-periodic hyperbolic set P = {m + , m − } of the billiard map f inside the (non-spherical) prolate ellipsoid
The main idea is that, since this prolate ellipsoid is, in some rough sense, the ellipse (21) times the sphere S n−1 , then its corresponding homoclinic set will be, also in some rough sense, the one corresponding to the ellipse times the sphere S n−1 . Given any unit vector σ ∈ S n−1 ⊂ R n , we consider the plane
and the section Q σ = Q ∩ Π σ . The plane Π σ contains the diameter of the prolate ellipsoid, whereas the section Q σ is an ellipse whose semi-axis have lengths α and β, and whose foci are (±γ, 0, . . . , 0), where γ = α 2 − β 2 is the semi-focal distance. If two consecutive impact points are on Q σ , the others impact points also are. This observation is the key to relate the billiard dynamics on the homoclinic set corresponding to the prolate ellipsoid (24) with the billiard dynamics on the homoclinic set corresponding to the ellipse (21) , which has been given in the previous subsection.
Concretely, if q : R × S n−1 → Q and p : R × S n−1 → S n are the maps
where x(t) = α tanh t, y(t) = β sech t, u(t) = tanh(t − h/2), and v(t) = sech(t − h/2), then the maps m ± = ±(q, p) : R × S n−1 → M are natural parameterizations of the heteroclinic sets H ± . That is, m ± = ±(q, p) : R × S n−1 → H ± are analytic diffeomorphisms such that f (m ± (t, σ)) = m ∓ (t + h, σ).
Besides, the limits lim t→−∞ m ± (t, σ) = m ∓ and lim t→+∞ m ± (t, σ) = m ± are uniform in σ ∈ S n−1 . Hence, the generalization of lemma 10 to the case of prolate ellipsoids reads as follows.
Lemma 11. The homoclinic set H = H − ∪ H + of the billiard map f inside any (nonspheric) prolate ellipsoid verify the following properties:
(i) It contains two n-dimensional connected submanifolds: H − and H + . Besides,
(ii) H ∪ P is compact. In fact, H ± ∪ P S n .
(iii) Given any neighbourhood U of P , there exists k 0 > 0 such that f k (H \ U ) ⊂ U for all integer |k| > k 0 .
To end this subsection, we mention that the only difference between the ellipses and the prolate ellipsoids is that S 0 has two disconnected points, whereas S n−1 is connected for n > 1. Due to this, the homoclinic set contains four curves (loops) in the first case, and two n-dimensional connected submanifolds in the second one.
Proof of lemma 1
Lemma 1 follows directly, due to its local character, from lemma 10 on the homoclinic set of billiards inside non-circular ellipses, and from lemma 11 on the homoclinic set of billiards inside prolate ellipsoids.
Proof of lemma 2
The phase space M contains points m = (q, p) ∈ R 2n+2 such that q = (q 0 , . . . , q n ) ∈ Q and p = (p 0 , . . . , p n ) ∈ S n . That is ,
Thus, tangent vectors to the phase space can also be considered as elements of R 2n+2 . They will be denoted with a dot: m = (q,ṗ) = ((q 0 , . . . ,q n ), (ṗ 0 , . . . ,ṗ n )) ∈ T m M ⊂ R 2n+2 .
Finally, if q = (q 0 , . . . , q n ) ∈ Q and p = (p 0 , . . . , p n ) ∈ S n , we shall use the notation q j = (q a j , . . . , q b j ) ∈ R s j andp j = (p a j , . . . , p b j ) ∈ R s j , for j = 1, . . . , l.
The invariant manifolds W − and W + are contained in the zero level sets of the first integrals, that is, W ± ⊂ ∩ l j =1 Z j . We are going to investigate the structure of Z j at points m ∈ N j . The cases j = j and j = j are very different. 
Proof. We distinguish two cases: s j = 1 and s j > 1.
Case s j = 1. Then #[[a j , b j ]] = 1. Let i be the integer such that [[a j , b j ]] = {i}. The invariant section Π j ⊂ M , the zero level set Z j = F −1 i (0), and the intersection N j = (Z j \ P ) ∩ Π j can be written as
In fact, M is just one connected component of the set defined by those equations-namely, the component of points m = (q, p) such that p is directed outward Q at q-, but we shall skip this detail for the sake of notation.
Once we have these equations, the claims of the lemma are mere computations.
Then the set A j is formed by the points in which the angular momenta K (i,i ) (m) = q i p i − q i p i vanish for all i, i ∈ I. The key idea is to realize that if m = (q, p) ∈ A j , the vectorsq j ,p j ∈ R s j are linearly dependent: there exist (q j ,p j ) ∈ R 2 and σ j ∈ S s j −1 such thatq j =q j σ j andp j =p j σ j . Besides, A j is a smooth submanifold of M at any point m such that (q j ,p j ) = (0, 0).
From now on, the points (q j ,p j ) ∈ R 2 and σ j ∈ S s j −1 have always this meaning. In particular,q 2 j = i∈I q 2 i ,p 2 j = i∈I p 2 i , and S j (m) =p 2
for all m ∈ A j . Hence, we can write the invariant section Π j , the zero level set Z j = S −1 j (0)∩A j and the intersection N j = (Z j \ P ) ∩ Π j as follows:
From these expressions, it is again straightforward to check that the lemma holds. When j = j the structure of Z j at points m ∈ N j is more involved. It turns out that Z j consists, in a neighbourhood of N j , of two smooth submanifolds Z ± j of codimension s j in the phase space M . Besides, these submanifolds have a transverse intersection along
Finally, the invariant manifold W ± is a submanifold of Z ± j and Π j = ∩ j =j Λ j . (This result was proved by Devaney [12] when Q is a generic ellipsoid.) Roughly speaking, these are the main steps in the proof of the following result.
Proof. We must prove that T m W − ∩ T m W + ⊂ T m Λ j for all m ∈ N j and j = j.
As in the previous lemma, we distinguish two cases: s j = 1 and s j > 1. 
(The case s j = 1-or equivalently, I = {i}-is not excluded. In that case,q j = q i andp j = p i .)
To begin with, we shall work on the Euclidean space R 2n+2 . For instance, the first integral F i : M → R can be extended to this Euclidean space, because it is polynomial in the coordinates m = (q, p). We denote this extension byF i . We also consider the 2n-dimensional linear subspacē
The functionF i vanishes together with its first partial derivatives alongΛ j . SoΛ j is a critical manifold forF j . We are going to show thatΛ j is a non-degenerate critical manifold in the sense of Bott.
Letπ j : R 2n+2 →Λ j be the canonical projection along the (q i , p i )-plane. If m ∈Λ j , letP m j =π −1 j (m) be the orthogonal plane toΛ j at m. We are going to study the intersections of the zero setZ j with the bi-dimensional slicesP m j for m ∈Λ j . Let ψ m j be the restriction ofF i toP m j . Then the point m is a critical point of ψ m j and, if m is close enough to N j , it is a saddle point: det[ d 2 ψ m j (m)] < 0. We compute this determinant using the coordinates (q i , p i ), namely
On the other hand, the points m ∈ N j verify the equations (d 2 0 −d 2 j )p 2 j = (q j p 0 − q 0pj ) 2 and p 2 0 +p 2 j = 1, see (27). Therefore,
for all m ∈ N j . This implies that there exists a neighborhoodV of N j inΛ j such that m is a saddle point of ψ m j , for any m ∈V . In particular, given any m ∈V there exists a neighborhoodŪ m of m inP m j such that the set (ψ m j ) −1 (0) ∩Ū m contains two smooth curves C ± j ,m which have a transverse crossing at m. The tangent lines to these curves at m verify the linear equationq i = µ ± j (m)ṗ i , where
are the roots of α j (m)µ 2 + 2β j (m)µ + γ j (m) = 0. It is important to remark that these roots are real and different, because ∆ j (m) > 0. ThenŪ = ∪ m∈VŪm is a neighborhood of N j in R 2n+2 andZ ± j = ∪ m∈V C ± j ,m are a couple of hypersurfaces of R 2n+2 such thatF −1 i (0) ∩Ū =Z − j ∪Z + j and the intersection
Since M is transverse toΛ j in R 2n+2 , it follows that M is also transverse toZ ± j in R 2n+2 . Thus the set Z j = F −1 i (0) =F −1 i (0) ∩ M has the promised structure in the neighborhood U =Ū ∩ M of N j in M . It suffices to take Z ± j =Z ± j ∩ M , and so T m Z ± j = ṁ ∈ T m M :q i = µ ± j (m)ṗ i ∀m ∈ N j .
Once we have shown this structure, it becomes clear that the tangent spaces T m W − and T m W + are contained in the union of the tangent spaces T m Z − j and T m Z + j for all m ∈ N j , because the invariant manifolds W − and W + are submanifolds of M contained in the zero level set Z j . Let us assume that we have performed this construction in such a way that the matching up of signs is the expected one:
Under that assumption, and using that the roots µ − j (m) and µ + j (m) never coincide, we get that T m W − ∩ T m W + ⊂ T m Z − j ∩ T m Z + j = {ṁ ∈ T m M :q i =ṗ i = 0} = T m Λ j , for all m ∈ N j and for all j = j. This finishes the proof of the lemma when s j = 1.
Hence, it remains to prove that (29) holds. To see this, by continuity, it suffices to check that it holds for the points in the hyperbolic periodic set P , since P ⊂ N j .
Firstly, let us compute the value of the roots µ This implies that µ ± j (m + ) = µ ± j (m − ) = λ ∓1/2 i d i and so
Secondly, by comparison with the planar case, it is easy to find thaṫ m = ((0, . . . , 0, i ) η ± i , 0, . . . , 0), (0, . . . , 0, i ) 1 , 0, . . . , 0)) ∈ T P W ± (31) using that the set Π j is invariant by f . In fact, the sub-billiard f | Π j is identical to the planar billiard map inside the ellipse Q j = q ∈ R n+1 : We shall use the same method than before, although we are going to consider slides of dimension 2s j , instead of bi-dimensional ones. We shall also work on the Euclidean space R 2n+2 . Thus, letS j : R 2n+2 → R be the natural extension of the first integral S j : M → R and letZ j =S −1 j (0) ∩Ā j , wherē A j = (q, p) ∈ R 2n+2 : q i p i = q i p i for all i, i ∈ I .
Given any point m = (q, p) ∈Ā j , there exist (q j ,p j ) ∈ R 2 and σ j ∈ S s j −1 such that q j =q j σ j andp j =p j σ j . We also consider the 2n-dimensional linear subspacē Λ j = {m ∈ R 2n+2 :q j =p j = 0}.
Letπ j : R 2n+2 →Λ j be the canonical projection along the (q j ,p j )-coordinates. If m ∈Λ j , letP m j =π −1 j (m) be the 2s j -dimensional orthogonal slice toΛ j at m. Then (q j ,p j ) ∈Z j ∩P m j ⇐⇒     q j =q j σ j p j =p j σ j ψ m j (q j ,p j ) = 0 where the functionψ m j : R 2 → R is defined bỹ
The origin is a critical point ofψ m j . Moreover, a computation very similar to the one performed in the previous case shows that det[ d 2ψm j (0, 0)] = −4/(d 2 0 −d 2 j ) < 0 ∀m ∈ N j .
This implies that there exists a neighborhoodV of N j inΛ j such that the origin is a saddle point ofψ m j , for any m ∈V . In particular, given any m ∈V there exists
